on which the absolute Galois group Γ k = Gal(k s /k) of k acts. Here l is a prime number. If A 1 and A 2 are abelian varieties defined over k, the natural map
) is also denoted by T l . Finally, we use µ m for the group of mth roots of unity in k s .
1.
In this section, we recall some facts on twists and the Galois descent (the Weil functor), which will play an important role in our theorem and its proof. We do not attempt at complete generality and concentrate on what we need later. See I- §3 of Satake's monograph [8] or 1.3 of Weil's lecture notes [11] for details.
1.1.
Twist. Let A be an abelian variety defined over a number field k and K a finite Galois extension of k in k s with Galois group Γ = Gal(K/k). For every element ξ in the first Galois cohomology set H 1 (Γ, Aut K (A)), there exist an abelian variety A ξ defined over k and an isomorphism θ :
Here the cocycle (ξ σ ) represents ξ. The abelian variety A ξ is called the twist of A by ξ and is uniquely determined by ξ up to isomorphism over k.
The variety R K/k (A)
. Let K/k be a finite Galois extension as above. 
In this setting, it is known that there exist an abelian variety R K/k (A) defined over k and an isomorphism ψ :
We call the abelian variety R K/k (A) the Galois descent of A by the Galois extension K/k, which is unique up to isomorphism over k.
For the future use, we denote by π i the projection of A onto its ith factor and define π = π 1 • ψ. They satisfy the following relations:
Let
A be an abelian variety defined over a number field k and K a Galois extension of k of finite degree d in k s . As before, we set
In the following, we sometimes identify the set {σ 1 
We now impose the following two conditions on the abelian variety A and the extension K/k:
where m is an integer greater than one. R e m a r k. These are essentially the same conditions as Sato used in his paper [9] . See Remarks 2.1 and 2.2 in that paper for comments on these conditions.
Let χ be any element of the character group Γ of Γ . By the condition (C2), we may think that the values of χ lie in µ m ⊂ k s . By (C1), the com-
Therefore, by the result quoted in the previous section, there exist an abelian variety A χ (= the twist by χ) and an isomorphism θ χ :
On the other hand, for the variety A K , there exist the Galois descent
Our theorem is as follows. We give a proof of the theorem in the next section. Here we show that Sato's results follow from it.
Since we can identify R K/k (A K )(k) with A(K) via the map π, the following two corollaries are immediate consequences of the theorem.
Corollary 1 (A. Sato [9], Theorem 2.3 and Corollary 2.4). The isogeny in the theorem induces a group isomorphism
A(K) ⊗ Z Q ∼ = χ∈ Γ (A χ (k) ⊗ Z Q).
In particular , this implies rank(A; K) = χ∈ Γ rank(A χ ; k).
Some examples of explicit rank calculations by using this corollary are given in [9] and [3] .
Corollary 2 (A. Sato [9] , Corollary 2.6). The isogeny induces an isomorphism
As is well known, the L-function L(A, K; s) of an abelian variety
where the product runs over almost all finite places of K, and N v and F v denote the number of elements of the residue class field and the Frobenius endomorphism modulo v, respectively. We have another corollary of the theorem.
Corollary 3 (A. Sato [9], Theorem 5.1). Let A and K/k be as in the theorem. Then
L(A, K; s) ∼ χ∈ Γ L(A χ , k; s).
Here the symbol ∼ denotes coincidence up to a finite number of Euler factors.
To show this, we need the following lemmata.
From this, the result follows.
Lemma 2. Let A and K/k be as in the theorem. Then, as Γ k -modules,
On the other hand, it follows from the construction of
This shows the first half of the assertion. Now we shall show the second half. It is, of course, enough to show that the corresponding local factors are equal. Take a finite place w of k which is unramified in K/k and at which the abelian variety A has a good reduction. Let v 1 , . . . , v g be the places of K lying above w. We set f = d/g and q = N w . Thus
Hence what remains to be shown is that
The rest of the proof is essentially the same as that for the equality of the Artin L-function with an induced character (cf., e.g., Chapter V, Theorem 4.2(iv) in [6] ).
Now we can prove Corollary 3.
Since an L-function is isogeny-invariant, we have, by our theorem,
Combining this with Lemmata 1 and 2, we get the desired relation. In other words, our theorem follows from Sato's Theorem 5.1 plus our lemmata.
By the same theorem due to Faltings, the L-functions are equal in Corollary 3. The same is true in Lemmata 1 and 2.
3.
In this section, we give a proof of our theorem, which is a geometric variant of Sato's (cf. [9] , Lemma 1.2).
Let A and K/k be as in the statement of the theorem. We use the notation in the previous sections except that for short χ σ will be used instead of (ι • χ)(σ). Recall that χ σ is defined over k.
Then f is a morphism defined over k between abelian varieties of the same dimension. In fact, for any element τ ∈ Γ k , we have
Then it follows that
The last equality follows from the functorial property of R K/k and the fact
. This completes the proof.
